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ACCESSIBLE SET FUNCTORS ARE UNIVERSAL
LIBOR BARTO
Dedicated to the memory of Veˇra Trnkova´.
Abstract. It is shown that every concretizable category can be fully embed-
ded into the category of accessible set functors and natural transformations.
1. Introduction
This paper contributes to two areas in which the work of Veˇra Trnkova´ plays
a major role: universal categories and set functors.
We start by providing some background to these areas and then we state the
main result of this paper. The discussion is rather informal and some fine technical
points are neglected. The essential concepts for this paper are formally introduced
in Section 2.
1.1. Universality. One approach to measuring the complexity of a category is
to characterize its full subcategories.
There is usually a natural limitation on the possible full subcategories. The
following two situations are especially common: if the category in question is
concretizable (i.e., admits a faithful functor to the category of sets), then every full
subcategory is concretizable as well; if the category is algebraic (i.e., is isomorphic
to a full subcategory of a category of universal algebras), then so are all of its full
subcategories.
It turned out that such natural limitations are the only ones for many categories
of interest [16, 23]. An algebraic category is often alg–universal, i.e., each category
of universal algebras is isomorphic to its full subcategory. Examples include the
category of graphs1 and the category of algebras with two unary operations [12].
Concretizable categories are sometimes even universal, i.e., each concretizable
category is among the isomorphic copies of their full subcategories. This is the
case, e.g., for the category of hypergraphs (a combination of results of Hedrl´ın
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1If morphisms are not specified, then the most natural choice is meant. Here the morphisms
are the edge–preserving mappings.
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and Kucˇera, see [16]), the category of topological semigroups [22], or the category
of topological spaces with open continuous maps as morphisms [16].
Although it is not immediately seen from the definition, alg–universal categories
are indeed comprehensive. For instance, they contain an isomorphic copy of
every small category, i.e., a category whose object class is a set (see [16]). In
particular, every partially ordered set can be represented as a set of objects with
the relation “there exists a morphism” and, also, every group can be represented
as the automorphism group of some object. The latter property of a category,
group–universality, predates the concept of alg–universality and even the notion
of a category. It is a remarkable achievement of the theory that the group–
universality is now usually best shown by proving the far stronger alg–universality.
In fact, the development leading to this paper, discussed in Subsection 1.3, is an
instance of this phenomenon.
Universal categories may seem way more comprehensive than alg–universal
ones. For instance, they can represent in the above sense every partially ordered
class. However, a combination of results of Kucˇera, Pultr, and Hedrl´ın proves
(see, again, [16]) that the statement “every alg–universal category is universal”
is equivalent to the set–theoretical assumption “the class of all measurable cardi-
nals is a set”. It follows that, in some models of set theory, the alg–universality
and universality coincide. Still, an absolute proof of universality indicates, philo-
sophically speaking, that the category is more comprehensive than any algebraic
category.
1.2. Set functors. Set functors are simply functors from the category Set of all
sets and mappings to itself. The natural choice of morphisms between them is
natural transformations. Besides being basic examples of functors (which perhaps
motivated early results from the 1970s, e.g., [19, 20, 21, 14]), set functors are also
among the central concepts in both Universal Coalgebra and Universal Algebra.
Their appearance in the former is direct and explicit as type functors for coalge-
bras that model various state base systems such as streams, automata, or Kripke
structures [17]. The significance in the latter is a bit less direct and not so widely
acknowledged in the Universal Algebra community.
One of the main focuses of Universal Algebra is the study of systems of univer-
sally quantified equations over some signature (or classes of all models of such
systems — varieties). The special attention to these objects has paid large
dividends in theoretical computer science, namely in the computational com-
plexity of constraint satisfaction problems (CSPs, for short)2, where to each
CSP one assigns a system of equations which captures the computational com-
plexity of that CSP, and morphisms between these systems then correspond
to certain natural polynomial–time reductions. It has turned out [6] that, in
this context, it is enough to consider particularly simple equations, those that
2A recent survey is [5]. More recently, a solution to the main open problem of the area
was announced independently by Bulatov [8] and Zhuk [26]. Both proofs heavily use Universal
Algebra.
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contain exactly one function symbol on both sides, i.e., equations of the form
t(some variables) = s(some variables). The importance of such equations, called
height one equations in [6] or flat equations in [1], is further witnessed by a very
recent development in promise CSPs [9].
Returning back to set functors — their category is equivalent to the category
of systems of height one equations!3 We will now sketch one direction of this
equivalence and refer the reader to a nice presentation in [1] for details. Given a set
functor F we regard members of FX as function symbols of arity |X | and, for each
mapping f : X → Y and t ∈ FX , we add one equation to the system in a natural
way, e.g., if X = {x1, x2, x3}, Y = {y1, y2}, f(x1) = f(x2) = y2, f(x3) = y1,
t ∈ FX , and s = Ff(t), then we add the equation t(y2, y2, y1) = s(y1, y2).
Natural transformations of set functors then correspond to mappings preserving
height one equations.
Note that the obtained system of equations forms a proper class (except for
uninteresting functors with FX = ∅ for all X 6= ∅) and involves infinitary func-
tion symbols, which is rather non-standard in Universal Algebra. However, if we
restrict to accessible set functors (to be defined in Section 2), then it is enough
to introduce function symbols for elements of FX for a sufficiently large X . Re-
stricting further to finitary functors allows us to introduce function symbols only
for elements of F ({x1, . . . , xn}), n ∈ N, and we are back in a standard Universal
Algebraic realm.
1.3. Universal set functors. The original motivation for studying the univer-
sality of set functors was another open problem formulated in [24]: Is the category
of varieties and interpretations [11] alg–universal? This category can be described,
in the language of previous paragraphs, as the category of sets of arbitrary fini-
tary equations, not necessarily height one. From this perspective, starting with
height one equations suggests itself as a reasonable step. The first paper in this
direction [7] has shown, using a rather involved construction, that the category
of set functors is group–universal. Then, a significantly simpler construction was
carried out in [4] to prove that the category of finitary set functors is alg–universal.
Since this category (as well as the category of κ–accessible functors for any fixed
κ) is also algebraic, the alg–universality of finitary (or κ–accessible for κ ≥ 7)
set functors cannot be further strengthened. Finally, the motivating problem was
solved as well: the category of varieties is alg–universal [3].
This development has left the following natural question open: Is the upper
bound on the arity of function symbols essential? In other words, is the category
of set functors more comprehensive than the category of finitary ones (equiva-
lently, κ-accessible for a fixed κ ≥ 7)? We answer this question in affirmative
by showing, in Section 3, that the category of accessible set functors is universal.
In Section 4 we verify that this result cannot be further strengthened by proving
3 This claim is rather sloppy; for instance, the collection of all set functors is not a class, so
set functors do not form a legitimate category.
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that the category of accessible set functors is concretizable. Altogether, we get
the following theorem.
Theorem 1.1. A category Z is isomorphic to a full subcategory of the category
of accessible set functors if and only if Z is concretizable.
2. Preliminaries
2.1. Notation. The set {1, 2, . . . , n} is denoted [n]. We use the notation A ⊔ B
(f ⊔ g) for a disjoint union of sets (mappings).
Let f : X → Y be a mapping. The image of R ⊆ X under f is denoted by
f [R] and the preimage of S ⊆ Y under f is denoted by f−1[S]. Mappings are
composed from right to left, that is, f ◦ g(x) = fg(x) = f(g(x)). The identity
mapping X → X is denoted idX .
2.2. Categorical concepts. LetM and N be categories. A functor Φ :M→ N
is faithful (full, respectively) if, for any two M–objects A and B, it maps the set
of all M–morphisms from A to B injectively (surjectively, respectively) into the
set of all N–morphisms from ΦA to ΦB. A full embedding is a full and faithful
functor which is, moreover, injective on objects.
A categoryM is a full subcategory ofN ifM is obtained fromN by taking some
of the objects and all the morphisms between them. Note that if Φ :M→ N is a
full embedding, then the image of Φ is a full subcategory ofN which is isomorphic
to M.
The category of all sets and mappings is denoted Set. A category M is con-
cretizable if there exists a faithful functor M → Set. A category M is universal
if every concretizable category has a full embedding into M.
A set functor is a functor Set → Set. For set functors F and G, and a
set X , the X-th component of a natural transformation µ : F → G is denoted
µX : FX → GX .
2.3. Accessible set functors. A set functor F is called κ-accessible if every
element of FY can be accessed from an element of FX with |X | < κ in the
following sense.
Definition 2.1. Let F : Set → Set be a set functor and κ a cardinal. F is
κ-accessible if
FY =
⋃
{Ff [FX ] ; |X | < κ, f : X → Y }
for every set X.
A set functor F is accessible if it is κ-accessible for some κ, and F is finitary
if it is ℵ0-accessible.
This definition agrees with the general notion of an accessible functor, see [2]
for several equivalent characterizations.
Strictly formally, accessible set functors do not form a legitimate category
since each functor is a proper class. However, every accessible functor has a set
presentation which describes the functor up to natural isomorphism. One option
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is to use an equational presentation as described in [1]. Alternatively, it can be
observed that a κ-accessible functor (as well as a natural transformation between
such functors) is determined by its restriction to the set of cardinals smaller than
κ. In this sense, it is legitimate to talk about the category of accessible functors
and we denote this category by AccSetFun.
2.4. Topological spaces without axioms. If some known “testing” universal
category M can be fully embedded into N, then N is clearly universal as well.
A particularly useful testing category proved to be ”topological spaces without
axioms”. Its objects are pairs consisting of a set and a family of its “open” subsets,
where, in contrast to topological spaces, we do not impose any restriction on the
family of open sets. Morphisms, the “continuous” maps, are defined just like in
the category of topological spaces.
Definition 2.2. Objects of the category T are pairs (A,R), where A is a set and
R is a family of subsets of A. A morphism f : (A,R) → (B,S) is a mapping
f : A→ B such that f−1[S] ∈ R for all S ∈ S.
The category T is universal (Hedrl´ın, Kucˇera, see [16]). However, we will
construct a contravariant functor from T to AccSetFun, that is, a functor from
the opposite category Top. Fortunately, it is not hard to see that the opposite
category to a universal category is universal (see Section 4.6 of [23]).
Theorem 2.3. The category T, as well as the opposite category Top, is universal.
3. Set functors are universal
In this section we show that the category of accessible functors is universal
by constructing a contravariant functor from T to AccSetFun. Let us first
informally sketch the construction.
An object (A,R) will be sent to a set functor described by a set of height one
equations in a single operation symbol t of arity |A|. There will be one equation
for each R:
t(x, x, . . . , x︸ ︷︷ ︸
R
, y, y, . . . , y︸ ︷︷ ︸
A\R
) = t(y, y, . . . , y︸ ︷︷ ︸
R
, x, x, . . . , x︸ ︷︷ ︸
A\R
) .
This object map naturally extends to a contravariant functor and it is not hard
to observe that f : (A,R)→ (B,S) is “continuous” if and only if the image of f
preserves height one equations.
The only substantial catch in this construction is that the above equation
entails the equation where the roles of R and A \R are swapped. For this reason
we first construct an auxiliary embedding which will resolve this issue.
3.1. Auxiliary full embedding. Our aim now is to construct a full embedding
Ψ : T→ T whose image, denoted K, has the following properties.
(K1): For everyK–object (A,R) and R ∈ R, we have A\R ∈ R and R 6= ∅.
(K2): If f : (A,R)→ (B,S) is a K-morphism, then |f [A]| > 2.
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The construction requires a graph (symmetric, loopless, without multiply edges)
on a sufficiently large even number of vertices with no nonidentical automor-
phisms. Let us fix one such a graph with vertex set V = {v1, v2, . . . , v6} and edge
set G, where G is formally handled as a family of two-element subsets of V . The
functor Ψ is defined as follows.
Ψ(A,R) = (A,R)
A = A ⊔ V
R = {{vi} ; i ∈ [6]} ∪ {A \ {vi} ; i ∈ [6]}∪
{G ; G ∈ G} ∪ {A \G ; G ∈ G}∪
{{v1, v2, v3} ∪R ; R ∈ R}} ∪ {{v4, v5, v6} ∪ (A \R) ; R ∈ R}
Ψf = f ⊔ idV
We first check that Ψf is always continuous.
Lemma 3.1. If f : (A,R)→ (B,S) is a T–morphism, then so is Ψf : (A,R)→
(B,S)
Proof. Pick Q ∈ S. To prove that (Ψf)−1[Q] ∈ R we analyze the six cases in the
definition of S.
• If Q = {vi}, i ∈ [6], then (Ψf)−1[{vi}] = (f ⊔ idV )−1[{vi}] = {vi} ∈ R.
• If Q ∈ G, then (Ψf)−1[Q] = Q ∈ R.
• IfQ = {v1, v2, v3}∪S with S ∈ S, then (Ψf)−1[Q] = {v1, v2, v3}∪f−1[S] ∈
R since f is a T–morphism.
The remaining three cases are complementary and completely analogous. 
Clearly, K satisfies (K1) and Ψ is a functor (preserves composition and identi-
ties) which is faithful and injective on objects. It remains to prove that it is full
(then (K2) follows as well).
Let (A,R) and (B,S) be T–objects and g : (A,R)→ (B,S) be a T–morphism.
We need to show that g = Ψf for a T–morphism f : (A,R)→ (B,S)
Lemma 3.2. The function g restricted to V is a bijection V → V and g[A] ⊆ B.
Proof. Let i ∈ [6] be arbitrary. Since {vi} ∈ S, we must have g−1[{vi}] ∈ R.
By definition of R, all the members of R have a nonempty intersection with V ,
therefore g−1[{vi}] ∩ V is nonempty. We conclude that each vi has a g–preimage
in V ; in other words, g maps V onto V . Since V is finite, the first claim follows.
Now we know that, for each i ∈ [6], the set g−1[{vi}] ∈ R has a one-element
intersection with V . The only such elements of R are of the form {vj}, therefore
g−1[V ] ⊆ V which is equivalent to the second claim. 
By Lemma 3.2, we can write g as a disjoint union g = f ⊔h, where f : A→ B,
and h : V → V is a bijection. The following lemma finishes the proof that Ψf = g.
Lemma 3.3. We have h = idV and f : (A,R)→ (B,S) is a T–morphism.
ACCESSIBLE SET FUNCTORS ARE UNIVERSAL 7
Proof. For everyG ∈ G ⊆ S, we have g−1[G] = h−1[G] ∈ R. Since h is a bijection,
the set h−1[G] has two elements. The only such sets in R are the members G,
therefore h−1[G] ∈ G. We conclude that h−1 is a bijective endomorphism of our
fixed 6-vertex graph. Since this graph is finite, every bijective endomorphism is
an automorphism, hence h−1 = idV and the first part follows.
For every S ∈ S, we have {v1, v2, v3} ∪ S ∈ S, therefore (by the previous
paragraph) g−1[{v1, v2, v3}∪S] = {v1, . . . , v3}∪f−1[S] ∈ R and then f−1[S] ∈ R,
proving the second part. 
3.2. Key full embedding. In this subsection we construct a contravariant full
embedding Φ from the categoryK (see the previous subsection) into the category
AccSetFun.
The set functors in the image of Φ will be quotients of (covariant) hom–functors.
For a K–object A = (A,R) we set
(ΦA)X = {g ; g : A→ X}/≈A for any set X ,
where the equivalence ≈A is given by
g1 : A→ X ≈A g2 : A→ X if
(1) g1 = g2, or
(2) g1[A] = g2[A] is a two–element set {x, x′} and g
−1
1
[{x}] = g−1
2
[{x′}] ∈ R.
The definition of ≈A makes sense, since g
−1
1
[{x}] = g−1
2
[{x′}] ∈ R if and only
if g−1
1
[{x′}] = g−1
2
[{x}] ∈ R as follows from the property (K1). For the same
reason, ≈A is an equivalence relation.
The behavior of ΦA on a mapping h : X → Y is given by
((ΦA)h)(g/≈A) = hg/≈A for any g : A→ X .
Clearly, hg/≈A does not depend on the choice of representative g ∈ g/≈A.
The set functor ΦA is κ–accessible for any κ > |A| since, for each set X and
g/≈A∈ (ΦA)X , we have g/≈A= ((ΦA)g)(idA/≈A).
It remains to define Φ on K–morphisms. Let A = (A,R) and B = (B,S) be
K–objects, and f : A → B a K–morphism. The X-th component of the natural
transformation Φf : ΦB→ ΦA is defined by the formula
(Φf)X(g/≈B) = gf/≈A for any g : B → X .
In order to see that the definition does no depend on the choice of g ∈ g/≈B,
let us consider two ≈B-equivalent g1, g2 : B → X . Either g1 = g2, in which case
g1f = g2f , or g1[B] = g2[B] = {x, x′}, x 6= x′, g
−1
1
[{x}] = g−1
2
[{x′}] ∈ S. Since
f is a K–morphism, then f−1[g−1
1
[{x}]] = (g1f)−1[{x}] and f−1[g
−1
2
[{x′}]] =
(g2f)
−1[{x′}] are in R. Moreover, neither of these two subsets of A is empty or
equal to A by the property (K1), therefore g1f [A] = g2f [A] = {x, x′}, hence g1f
and g2f are ≈A-equivalent.
Lemma 3.4. For any K–morphism f : A → B, the collection Φf is a natural
transformation ΦB→ ΦA.
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Proof. For any sets X,Y , mapping h : X → Y , and g/≈B∈ (ΦB)X we have
((ΦA)h ◦ (Φf)X)(g/≈B) = ((ΦA)h)(gf/≈A) = [hgf ]/≈A
and
((Φf)Y ◦ (ΦB)h)(g/≈B) = (Φf)Y (hg/≈B) = [hgf ]/≈A .
Therefore (ΦA)h ◦ (Φf)X = (Φf)Y ◦ (ΦB)h. 
The functor Φ is injective on objects, so it remains to check that Φ is faithful
and full.
Lemma 3.5. Φ is faithful.
Proof. Let A = (A,R), B = (B,S) be K–objects and f1, f2 : A → B different
morphisms. Due to the property (K2), the ranges of f1 and f2 both contain at
least three elements, so f1 and f2 are not ≈A–equivalent. But then Φf1 and Φf2
differ on idB/≈B since (Φf1)B([idB]B) = f1/≈A and (Φf2)B([idB]B) = f2/≈A. 
Lemma 3.6. Φ is full.
Proof. Let A = (A,R), B = (B,S) be K–objects and µ : ΦB → ΦA a natural
transformation. We must check that µ = Φf for some morphism f : A→ B.
Let f : A → B be any mapping such that f/≈A= µB(idB/≈B). From the
naturality of µ we get that, for any mapping g : B → X ,
µX(g/≈B) = (µX ◦ (ΦB)g)(idB/≈B) = ((ΦA)g ◦ µB)(idB/≈B) = ((ΦA)g)(f/≈A)
= gf/≈B .
Now it suffices to show that the mapping f : A → B is a K–morphism A → B,
since the last equality then tells us µ = Φf . Take an arbitrary S ∈ S and consider
the mappings g1, g2 : B → [2] such that g1[S] = {1} = g2[B \ S] and g1[B \ S] =
{2} = g2[S]. Clearly g1 ≈B g2, therefore µ2(g1/≈B) = µ2(g2/≈B). Thus, using
the above equality again, g1f ≈B g2f . Since g1f 6= g2f (as g1(b) 6= g2(b) for
any b ∈ B), we get that R ∋ (g1f)−1[{1}] = f−1[g
−1
1
[{1}]] = f−1[S] and we are
done. 
We have proved one implication in Theorem 1.1.
Theorem 3.7. The category AccSetFun is universal.
Proof. We have constructed two full embeddings, a covariant Ψ : T → K and
contravariant Φ : K → AccSetFun. The composition ΦΨ can be regarded
as a (covariant) full embedding Top → AccSetFun. But Top is universal by
Theorem 2.3, so AccSetFun is universal too. 
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4. Accessible set functors are concretizable
In this section we prove the second implication in Theorem 1.1 by showing
that AccSetFun is a concretizable category. We will use Isbell’s condition for
concretizability, which we now formulate.
Let W be a category and F,G its objects. Let P (F,G) denote the class of
all pairs of W–morphisms of the form (µ : H → F, ν : H → G). We define an
equivalence relation ∼F,G on P (F,G) by putting (µ, ν) ∼ (µ′, ν′) if, for every pair
of morphisms (α : F → K,β : G→ K), αµ = βν if and only if αµ′ = βν′.
Isbell’s condition states that the equivalence relation ∼F,G on P (F,G) has a
transversal which is a set. This condition is necessary for concretizability [13]
and, as it turned out, is also sufficent [10] (a simpler and more constructive proof
is given in [25]).
Theorem 4.1. A category W is concretizable if and only if, for any two W–
objects F,G, there exists a set Q ⊆ P (F,G) containing for every pair (µ, ν) ∈
P (F,G) an ∼F,G–equivalent one.
We verify Isbell’s condition for the category AccSetFun. Fix set functors F
and G and choose X so that F and G are both |X |–accessible and X is infinite.
For a pair of natural transformations (µ : H → F, ν : H → G) we consider the
following subsets of FX ×GX and F∅ ×G∅.
T (µ, ν) = {(µX(x), νX(x)) ∈ FX ×GX ; x ∈ HX}
T0(µ, ν) = {(µX(x), νX(x)) ∈ F∅ ×G∅ ; x ∈ H∅}
We claim that, for every pair of natural transformations (α : F → K,β : G→ K),
we have αµ = βν if and only if αX(x1) = βX(x2) for every (x1, x2) ∈ T (µ, ν)
and α∅(x1) = β∅(x2) for every (x1, x2) ∈ T0(µ, ν). Before proving the claim,
observe that Isbell’s condition is a consequence. Indeed, for each pair of subsets
R ⊆ FX ×GX , R0 ⊆ F∅ ×G∅ we add to Q a single pair (µ, ν) ∈ P (F,G) with
T (µ, ν) = R and T0(µ, ν) = R0 provided such a pair exists. Since the claim implies
that (µ, ν) ∼F,G (µ
′, ν′) whenever T (µ, ν) = T (µ′, ν′), such a set Q satisfies the
requirement in Theorem 4.1.
One direction of the claim is obvious: if αµ = βν, then αX(x1) = βX(x2)
for every (x1, x2) ∈ T (µ, ν) and α∅(x1) = β∅(x2) for every (x1, x2) ∈ T0(µ, ν).
Assume, conversely, that
(⋆) αX(x1) = βX(x2) for every (x1, x2) ∈ T (µ, ν)
α∅(x1) = β∅(x2) for every (x1, x2) ∈ T0(µ, ν) .
Take an arbitrary set Y and an element y ∈ HY . Our aim is to prove that
αY µY (y) = βY νY (y).
We distinguish two cases according to the cardinality of Y . The following
lemma deals with the simpler case.
Lemma 4.2. If |Y | ≤ |X |, then αY µY (y) = βY νY (y).
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Proof. If Y = ∅, then the pair (µ∅(Hi(y)), ν∅(Hi(y))) is in T0(µ, ν), so α∅µ∅Hi(y) =
β∅ν∅Hi(y) by the second part of (⋆).
4
Otherwise, take any injective mapping i : Y → X and its left inverse k :
X → Y (so that ki = idY ). The pair (µX(Hi(y)), νX(Hi(y))) is in T (µ, ν), so
αXµXHi(y) = βXνXHi(y). Since αµ and βν are natural transformation, we get
Ki ◦ αY µY (y) = αXµX ◦Hi(y) = βXνX ◦Hi(y) = Ki ◦ βY νY (y) .
Then also
Kk ◦Ki ◦ αY µY (y) = Kk ◦Ki ◦ βY νY (y) ,
but Kk ◦Ki = K(ki) = KidY = idKY and the claim follows. 
In the second case, when |Y | ≥ |X |, we obtain the following consequence of
|X |–accessibility of F and G.
Lemma 4.3. There exist s ∈ FX, t ∈ GX and injective mappings i, j : X → Y
such that Fi(s) = µY (y) and Gj(t) = νY (y).
Proof. As F is |X |–accessible, there exists X ′, s′ ∈ FX ′, and f : X ′ → Y such
that |X ′| < |X | and Ff(s′) = µY (y). We factorize f as f = if ′ with f ′ : X ′ → X
and injective i : X → Y , we set s = Ff ′(s′), and get Fi(s) = Fif ′(s′) = Ff(s′) =
µY (y). Finding t and j is completely analogous. 
We fix s, t, i, j satisfying the conclusion of the previous lemma and continue by
finding further mappings that will help us in caluculations.
Lemma 4.4. There exist k, l,m : Y → X and n : X → Y such that ki = lj =
idX , nmi = i, and nmj = j.
Proof. The mappings k and l are arbitrarily chosen left inverses to i and j, re-
spectively.
As X is infinite, the union U = i[X ]∪ j[X ] has cardinality |X |, therefore there
exists m : Y → X which is injective on U . Now we take any n : X → Y such
that the restriction of nm to U is the identity and obtain nmi = i and nmj = j,
as required. 
Using the mappings from Lemma 4.4 we get
αY µY (y) = αY Fi(s) = αY F (iki)(s) = αY F (ik)Fi(s) = αY F (ik)µY (y) .
Using this equality, the naturality of α and µ, and Lemma 4.4 we can continue
this calculation as follows.
αY F (ik)µY (y) = αY F (nmik)µY (y) = αY F (nm)F (ik)µY (y)
= K(nm)αY F (ik)µY (y) = K(nm)αY µY (y) = KnKm ◦ αY µY (y)
= Kn ◦ αXµXHm(y) ,
4This is the only place where T0(µ, ν) is used. The case Y = ∅ was neglected in the previous
version of the paper and I thank the reviewer for pointing out this mistake.
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Similarly,
βY νY (y) = Kn ◦ βXνXHm(y)
But (µXHm(y), νXHm(y)) is in T (µ, ν), so αXµXHm(y) = βXνXHm(y) by
the assumption (⋆) and we get αY µY (y) = βY νY (y), finishing the proof of the
following theorem.
Theorem 4.5. The category AccSetFun is concretizable.
5. Conclusion
We have shown that the category of accessible set functors is as comprehensive
as possible: it contains all concretizable categories as full subcategories. The
next obvious question is how comprehensive is the collection of all set functors.
Recall that this collection is not even a class and it is not clear what is a natural
limitation on possible full subcollections.
Perhaps a more interesting question concerns the so called hyper–universality.
A combination of theorems by Kucˇera [15] and Trnkova´ [18] (see Section 4.7 in
[23]) implies that in every universal category it is possible to find equivalences on
hom–sets (which are compatible with compositions) so that the quotient category
is hyper–universal, that is, it contains every category as a full subcategory. Is there
a natural hyper–universal quotient of the category of accessible set functors? Is
it some kind of a homotopy equivalence on natural transformations?
Finally, let us return to Universal Algebra and finitary set functors. The main
result of [4] says, in the language of [9], that the category of minions (with possibly
infinite universes) is alg–universal. However, in the promise CSP we are so far
mostly interested in minions with finite universes. How comprehensive is their
category?
References
[1] J. Ada´mek, H. P. Gumm, and V. Trnkova´. Presentation of set functors: a coalgebraic
perspective. J. Logic Comput., 20(5):991–1015, 2010.
[2] J. Ada´mek and H. E. Porst. From varieties of algebras to covarieties of coalgebras. Electronic
Notes in Theoretical Computer Science, 44(1):27 – 46, 2001. CMCS 2001, Coalgebraic
Methods in Computer Science (a Satellite Event of ETAPS 2001).
[3] L. Barto. The category of varieties and interpretations is alg-universal. J. Pure Appl. Al-
gebra, 211(3):721–731, 2007.
[4] L. Barto. Finitary set endofunctors are alg-universal. Algebra Universalis, 57(1):15–26,
2007.
[5] L. Barto, A. A. Krokhin, and R. Willard. Polymorphisms, and how to use them. In The
Constraint Satisfaction Problem: Complexity and Approximability, pages 1–44. 2017.
[6] L. Barto, J. Oprsˇal, and M. Pinsker. The wonderland of reflections. Israel Journal of Math-
ematics, 223(1):363–398, Feb 2018.
[7] L. Barto and P. Zima. Every group is representable by all natural transformations of some
set-functor. Theory Appl. Categ., 14:294–309, 2005.
[8] A. A. Bulatov. A dichotomy theorem for nonuniform CSPs. In 2017 IEEE 58th Annual
Symposium on Foundations of Computer Science (FOCS), volume 00, pages 319–330, Oct.
2017.
12 LIBOR BARTO
[9] J. Bul´ın, A. Krokhin, and J. Oprsˇal. Algebraic approach to promise constraint satisfaction.
ArXiv e-prints, November 2018.
[10] P. J. Freyd. Concreteness. J. Pure Appl. Algebra, 3:171–191, 1973.
[11] O. C. Garc´ıa and W. Taylor. The lattice of interpretability types of varieties. Mem. Amer.
Math. Soc., 50:No. 305, 1984.
[12] Z. Hedrl´ın and A. Pultr. On full embeddings of categories of algebras. Illinois J. Math.,
10:392–406, 1966.
[13] J. R. Isbell. Two set-theoretical theorems in categories. Fund. Math., 53:43–49, 1963.
[14] V. Koubek. Set functors. Comment. Math. Univ. Carolin., 12:175–195, 1971.
[15] L. Kucˇera. Every category is a factorization of a concrete one. J. Pure Appl. Algebra,
1:373–376, 1971.
[16] A. Pultr and V. Trnkova´. Combinatorial, Algebraic and Topological Representations of
Groups, Semigroups and Categories. North Holland and Academia, Praha, 1980.
[17] J. J. M. M. Rutten. Universal coalgebra: a theory of systems. Theoret. Comput. Sci.,
249(1):3–80, 2000. Modern algebra and its applications (Nashville, TN, 1996).
[18] V. Trnkova´. Universal categories. Comment. Math. Univ. Carolin., 7:143–2069, 1966.
[19] V. Trnkova´. Some properties of set functors. Comment. Math. Univ. Carolin., 10:323–352,
1969.
[20] V. Trnkova´. On descriptive classification of set functors I. Comment. Math. Univ. Carolin.,
12:143–175, 1971.
[21] V. Trnkova´. On descriptive classification of set functors II. Comment. Math. Univ. Carolin.,
12:345–357, 1971.
[22] V. Trnkova´. Universal concrete categories and functors. Cah. Topol. Ge´om. Diffe´r. Cate´g.,
34:239–256, 1993.
[23] V. Trnkova´. Amazingly extensive use of Cook continuum. Mathematica Japonica, 51:499–
549, 2000.
[24] V. Trnkova´ and A. Barkhudaryan. Some universal properties of the category of clones.
Algebra Universalis, 47:239–266, 2002.
[25] J. Vina´rek. A new proof of the Freyd’s theorem. J. Pure Appl. Algebra, 8(1):1–4, 1976.
[26] D. Zhuk. A proof of CSP dichotomy conjecture. In 2017 IEEE 58th Annual Symposium on
Foundations of Computer Science (FOCS), volume 00, pages 331–342, Oct. 2017.
Charles University, Faculty of Mathematics and Physics, Department of Algebra,
Sokolovska´ 83, 186 75 Praha 8, Czech Republic
E-mail address: libor.barto@gmail.com
